We introduce a new non-Gaussian state, generated by m times coherent superposition operation a cos θ + a † e iϕ sin θ (MCSO) on odd-Schrődinger-cat state (OSCS). Its normalized constant is turned out to be related with the Hermite polynomial. We further investigate the nonclassical properties of the MCSO-OSCS through Mandel's Q-parameter, quadrature squeezing, the photocount distribution and Wigner function (WF). It is shown that the nonclassicality of the MCSO-OSCS is influenced by the number of times (m) of coherent superpositon operation, the angle θ and the amplitude |α0|. Especially the volume of negative region of WF increases with the increment of parameters m, θ and α0. We also investigate the decoherence of the MCSO-OSCS in terms of the fadeaway of the negativity of WF in a thermal environment.
I. INTRODUCTION
Nonclassical states with non-Gaussian Wigner function (WF) have brought great interest in quantum optics and quantum information science [1] . For example, a single-photon state with non-Gaussian behavior in phase space has been found many applications in quantum information processing. In particular, any single-mode nonclassical state has become a sufficient resource to generate a two-mode entanglement via a beam-splitter [2] . Recently, the non-Gaussian states have attracted more attention of both experimentalists and theoreticians [3] [4] [5] [6] [7] . It is possible to generate and manipulate various non-Gaussian states through subtracting or adding photon operation or photon subtraction-addition coherent superposition operation on traditional quantum states or Gaussian states [8] . For example, the photon subtraction transforms a Gaussian entangled state (two-mode squeezed state) to a non-Gaussian entangled state for a nonlocality test [9] and entanglement distillation [10] . The photon addition can also transform a classical state to a nonclassical state [11] . In laboratory the operation of photon subtraction or addition is now realized practically [12, 13] . In Ref. [14] , Lee et al. consider a coherent superposition of photon subtraction and addition, ta + ra † , acting on a coherent state and a thermal state to form non-Gaussian states, and propose the experimental scheme to implement this elementary coherent operation. Furthermore, other non-Gaussian state is obtained theoretically through m times coherent superposition of photon subtraction and addition, ta + ra † m , acting on thermal state [15] and coherent state [16] , respectively.
On the other hand, as a kind of nonclassical state, the so-called Schrődinger cat states (SCS, quantum superpositions of coherent states [17] ), play an important role in fundamental tests of quantum theory [18, 19] and in many quantum information processing tasks, including quantum computation [20] , quantum teleportation [21] and precision measurements [22, 23] . There have been a great deal of theoretical and experimental attempts to generate a Schrődinger-cat-type state and considerable experimental progresses have been achieved in recent years [24] [25] [26] [27] [28] . Such as in Ref. [28] a Schrődinger-cat-like state is generated via a coherent superposition of photonic operations.
Thus an interesting question is naturally raised: can we operate the coherent superposition operator a cos θ + a † e iϕ sin θ m on odd-Schrődinger-cat state (OSCS) to construct a new non-Gaussian quantum state? The answer is definite. Considering the above reasons, we shall construct a new nonclassical state (MCSO-OSCS) which is supposed to be realized in experiment. In this paper, We focus on studying its nonclassical properties of this state by deriving analytically some expressions, such as normalized constant, sub-Poissonian statistics, photocount distribution and Wigner function. In fact, systems are usually surrounded by a thermal reservoir, and decoherence becomes an important topic in the fields of quantum optics. Enlightened by these ideas, we shall also discuss its decoherence property in a thermal environment in this paper. The paper is organized as follows. In Sec. 2, the MCSO-OSCS is constructed and its normalized constant turns out to be related with the Hermite polynomial. In Sec. 3, the fidelity between MCSO-OSCS and its original state (OSCS) shall be obtain. In Sec. 4, the nonclassical properties of the MCSO-OSCS, such as sub-Poissonian statistics, quadrature squeezing properties and photocount distribution are calculated analytically and then discussed in details. In Sec.5, the explicitly analytical expression of WF for the MCSO-OSCS is derived. According to the negativity of WF, the nonclassical properties are also discussed in details. In Sec. 6, the decoherence of the MCSO-OSCS in a thermal environment is investigated. In Sec. 7, we end our work with main conclusions.
II. NORMALIZATION OF THE MCSO-OSCS
Theoretically, the MCSO-OSCS can be introduced by repeated application of coherent superposition operator Ω to the OSCS (|α 0 − |−α 0 ) for m times, i.e.,
where Ω = a cos θ + a † e iϕ sin θ with a, a † = 1 and θ ∈ (0, π/2), m is the order of coherent superposition operator (a non-negative integer), |α 0 is a coherent state of amplitude |α 0 |. The density operator of the MCSO-OSCS is ρ m = N −1 m |ψ m ψ m |, where N m is a normalized constant of the MCSO-OSCS to be determined by Trρ m = 1. If Ω m operates on the even SCS (|α 0 + |−α 0 ), then we obtain the MCSO-ESCS. We only discuss the properties of MCSO-OSCS in this paper, for an odd SCS in general show stronger nonclassical properties than an even SCS [29] .
In order to obtain the normalized constant N m , and note that the operator Ω is not always Hermitian due to Ω = Ω † when cos θ = e iϕ sin θ, we shall derive the normal ordering form of Ω m firstly. Recalling the generating function of the 
Similarly, Ω †m = a † cos θ + ae −iϕ sin θ m has the normal ordering form as follows:
From Eq. (4) and (5), we also give the following relations
and
where |α and |β are coherent states and β| α = exp − 1 2 |α| 2 + |β| 2 + β * α [33, 34] . Eq. (6) and (7) are very useful in the following calculations.
Next, according to Trρ m = 1, we obtain
Substituting Eq. (1), (4)- (5) into (8), and inserting the completeness relation of the coherent state
π |z z| = 1, furthermore, with the help of Eq. (2) and the following integral formula
whose convergent condition is Re
where we have set
and we have used the recurrence relation of H m (x):
Eq. (10) indicates that the normalization factor N m is just related to a Hermite polynomial. Obviously, when m = 0, the MCSO-OSCS just reduces to the odd SCS. The analytical expression of N m is important for further investigating the properties of MCSO-OSCS. For MCSO-ESCS, we can change the negative sign "−" before the second sign of sum in Eq.((10) to the positive sign "+" and obtain its normalized constant.
III. FIDELITY BETWEEN MCSO-OSCS AND OSCS
In quantum teleportation, the fidelity F , which measures how close the teleported state is to the original state, is the projection of the original pure state |Ψ in of the density operator ρ in = |Ψ in Ψ in | onto the teleported state |Ψ out of the density operator ρ out : F = Tr(ρ out ρ in ) [35, 36] . Here the fidelity measures how close the new state (MCSO-OSCS) is to the original state (OSCS). The fidelity between MCSO-OSCS (density matrix is ρ m ) and its original OSCS (ρ o ) is defined as [8] 
In general, 0 ≤ F ≤ 1, and F = 1 shows that the two states are same, while F = 0 shows that the two states are anamorphic absolutely. Employing the similar procedure of deriving the normalization constant, the fidelity for MCSO-OSCS can be calculated out as When m is an even number, the fidelity increases monotonously with the increment of α 0 and tends to 1 finally, which indicates that the coherent superposition operation has no influence on the filed when the field is strong enough. Comparing with the curves of m = 0, 2, 4, we find that the smaller the value of m is, the bigger the fidelity is. In order to see the effect of different θ values on the fidelity, we plot the fidelity as the function of α 0 for some different θ values and given m, ϕ values, see Fig.1(b) . It is shown that the fidelity decreases as θ increases. In addition, we study the relation of the fidelity and parameter ϕ through the plot of Fig.1(c) . It is shown that the values of parameter ϕ have little influence on the fidelity. It is also shown that the fidelity increases as the amplitude α 0 increases from Fig.1(b) and 1(c) .
IV. NONCLASSICAL PROPERTIES OF MCSO-OSCS
In this section, we shall discuss the nonclassical properties of the MCSO-OSCS in terms of sub-Posissonian statistics, quadrature squeezing properties and the negativity of its Wigner function.
A. Mandel's Q-parameter
The Mandel's Q-parameter measures the deviation of the variance of the photon number distribution of the field state under consideration from the Poissonian distribution of the coherent state, which has been defined as [37] 
The quantum states has the Poissonian, sub-Poissonian and super-Poissonian statistics for Q = 0, Q < 0 and Q > 0, respectively. It is well known that the negativity of Q-parameter refers to the nonclassical character of the state, but a state may be nonclassical even though Q-parameter is positive as pointed out in [38] . Using Eqs. (4), (5) 
where
and get the value of a 2 a †2 as
Here s, t, λ, η are parameters introduced into the calculation process and will be eliminated after finishing the calculation by setting them to zero. Furthermore, one can use the relation a, a † = 1 to obtain
Substituting Eqs. (16), and (21) into (15), and using the method of numerical calculation we can study the property of Mandel's Q-parameter for the MCSO-OSCS. The Q-parameters of MCSO-OSCS as the function of α 0 are depicted in Fig. 2 Fig. 2(a) ), which indicates sub-Poissonian statistics. In addition, the absolute value of Q-parameter decreases with the increment of α 0 till tends to zero, which indicates that all states under different m values will tend to the Poissonian statistics (the distribution of a coherent state) when the value of α 0 is big enough. However, we can see that the range of the Q-parameter is [−1, 0.5] in Fig. 2(b) with different m values and for given θ = 2 ), the bigger the value of θ is, the more chance the state exhibits the sub-Poissonian statistics. The similar conclusion can also be seen in Ref. [29] . In addition, from Fig. 2(d) we can see that the absolute value of Q-parameter decreases as ϕ increases, but this difference is not obvious. , 0 (from upper to lower curves).
B. Quadrature squeezing properties of MCSO-OSCS
One observes nonclassical effects not only through sub-Poissonian statistics but also through squeezing effects, which do not allow classical interpretation of photoelectric counting events. Here, we consider an appropriate quadrature operator X θ = ae −iθ + a † e iθ , and the squeezing can be characterized by (∆X θ ) 
Then its negative value in the range [−1, 0) indicates squeezing (or nonclassicality). Similarly, using the integration formula (9), we obtain
Using Eqs. (16), (23) , (24) and (22), one can obtain the expression of the quadrature squeezing S of MCSO-OSCS. We plot the graph of quadrature squeezing S as a function of θ for some different m values and for given ϕ and α 0 values, (say ϕ = 0 and α 0 = 0.1), see Fig. 3(a) and (b) . It is interesting to find that the MCSO-OSCS can exhibit squeezing when the parameter m is odd (m = 1, 3, 5, 7) and the angle θ is smaller than a threshold, while can't exhibit squeezing when the parameter m is even (m = 0, 2, 4, 10) for any angle θ. Furthermore, we find that the original state (m = 0) can't exhibit squeezing, which implies that the odd times coherent superposition operation (Ω m , m is odd.) can achieve squeezing. Small angle θ corresponds to the case that the subtracting photon operation is in the ascendant, which indicates that subtracting photon operation is benefit to squeezing under the case of odd m.
In Fig. 3(c) , we plot the graph of S as a function of θ for some different α 0 values and for given ϕ and m values, (say ϕ = 0 and m = 1). We find that small value of α 0 is helpful to squeezing on condition that the angle θ is smaller than a threshold. From Fig. 3(d) , We can see that different ϕ values have no effect on the squeezing of MCSO-OSCS.
C. Photocount Distribution of MCSO-OSCS
For the case of a single radiation mode of registering n photoelectrons in the time interval T , the photon counting distribution P (n) is given by [41] ,
where ξ ∝ T is called the quantum efficiency (a measure) of the detector, ρ is a single-mode density operator of the light field concerned. When ξ = 1, P (n) becomes the photon number distribution (PND) for a given state. By virtue of the technique of IWOP of operators, Fan and Hu deduce a reformed formula as showed in reference [42] ,
where Q (β) = β| ρ |β is the Q-function, |β is the coherent state, and L n (x) is the Laguerre polynomials. Once the Q-function of ρ is known, it is easy to calculate the photocount distribution of MCSO-OSCS from Eq. (27) . The Q-function of MCSO-OSCS is given by
where H m (a, a † ) = H m (iΩ/ √ 2e iϕ sin θ cos θ). Then substituting Eq. (28) into Eq.(27) and using Eq.(9) and the twovariable Hermite polynomials expression of Laguerre polynomials [30] L n (zz
we obtain the final result of P (n)
In order to discuss the photocount distribution of MCSO-OSCS, we plot the graph of P (n) for several given parameters ϕ, θ, α 0 , m, or ξ in Figs. 4 and 5. Comparing with Figs. 4(a) and (b), we find that for some given values of m, α 0 , ϕ, and θ, the corresponding probability-peak of photocount distribution moves from n = 1 to n = 4 as ξ = 0.2 increases to 0.9, which means that the probability of registering big photon-numbers is increasing gradually while the probability of registering small photon-numbers is decreasing when we increase the time interval T . Meanwhile, the larger the ξ is, the wider tail of photocount distribution of MCSO-OSCS has. We can also see that the probability of finding big photon-numbers increases with the increment of the parameter m (see Figs. 4(a) and 4(c) 
V. WIGNER FUNCTION OF THE MCSO-OSCS
The WF is a quasi-probability distribution, which fully describes the state of a quantum system in phase space. The partial negativity of the WF is indeed a good indication of the highly nonclassical character of the state [43] . Therefore it is worth obtaining the WF for any states and using the negative region to check whether a state has nonclassicality. For a single-mode system, the WF W (α, α * ) associated with a quantum state density matrix ρ can be expressed as [44] :
where |z is the coherent state. Substituting
, we can finally obtain the WF of MCSO-OSCS:
It is found that the sum of W We can see clearly that the figures of WF distribution are non-Gaussian. In addition, as evidence of the nonclassicality of the state, it is easy to see that there is a negative region of the WF in each plot. From Fig. 6 , We can see that the figures of WF exist odd (even) negative peaks when the values of m are even (odd) for given α 0 , ϕ and θ, and exhibit more vibration character as the value of m increasing. Meanwhile, we can find that the minimum value of the WF occurs at the center of the figure when m is an even number (see Fig. 6(a) and Fig. 6(c) ). But the case is not true when m is an odd number (see Fig. 6(b) and Fig. 6(d) ). Comparing The volume of the negative part of the WF were used in [45, 46] to describe the interference effects which determine the departure from classical behavior. In order to further evaluate how these parameters m, α 0 , and θ affect the negative part of WF distribution for MCSO-OSCS, we shall consider the negative part volume of WF which may be written as
By definition, the quantity δ is equal to zero for coherent and squeezed vacuum states, as their WFs are nonnegative. Once knowing the Wigner function of a quantum state, we can obtain the negative part volume of WF through numerical integration.
In Fig. 8 , we plot the negative part volume δ of WF for MCSO-OSCS as the function of θ. It is shown that the negative part volume δ generally increases as θ increases when m = 0. In addition, it is interesting to note that δ is sensitive to parameter m, and δ increases as m increases when parameter θ is bigger than a threshold (see Fig.  8(a) ). In other words, the MCSO-OSCS may exhibit more nonclassicality by increasing the value of m. Meanwhile, δ increases as the value of α 0 increases when parameter θ is smaller than a threshold (see Fig. 8(b) ).
VI. THE DECOHERENCE OF THE MCSO-OSCS IN A THERMAL ENVIRONMENT
When the MCSO-OSCS evolves in the thermal channel, the evolution of the density matrix in the Born-Markov approximation and the interaction picture can be described by the master equation [47] where κ represents the dissipative coefficient andn
, T is temperature.) denotes the average thermal photon number of the environment [48] . Using the thermal entangled state representation [49] , the time evolution of distribution functions in the dissipative channels are derived [50, 51] . The evolutions of the WF is governed by the following integration equation
where Γ = 1 − e −2κt and W (α, α * , 0) is the WF of the initial state. Thus the WF at any time can be obtained by performing the integration when the initial WF is known.
Substituting Eq. (33) into Eq. (38), we have
Further, when t = 0, Γ = 0, Eq.(39) just reduces to (33) , as expected. In order to see the decoherence of the MCSO-OSCS in the thermal environment, we plot the time evolution of WF W (γ, γ * , t) as a function of real and imaginary parts of γ for some different t values and for a given m value (say, m = 1) in Figs. 9. It is shown that as time proceeds the negative part of WF and muti-peaks vibration structure of the plot disappear gradually, and finally the plot evolves to a wave packet structure, the figure of a Gaussian distribution (see Fig. 9(d) ), which means that the MCSO-OSCS has reduced to the thermal state. In Fig. 10 , we plot the picture of W (γ, γ * , t) for some differentn values and for a given m value (say, m = 1) at the given time (say, κt = 0.05). It is interesting to note that the negative part of WF decreases as the average photon numbern increases, i.e., the lager n the more rapidly the nonclassicality is lost, which means that the higher the temperature of thermal field, the more rapidly the nonclassicality of the MCSO-OSCS is lost. This result is same as Ref. [52] . 
VII. CONCLUSIONS
In summary, we investigate the nonclassicality of MCSO-OSCS which is obtained through m times coherent superposition operator a cos θ + a † e iϕ sin θ operating on an odd-Schrődinger-cat state. For arbitrary m value, through IWOP technique we have obtained an analytical expression of the normalization constant, which turns out to be ralated with the Hermite polynomial. Then the fidelity between MCSO-OSCS and its original OSCS is discussed. By numerical plot, it is obvious to note that the fidelity is equal to 0 when m is odd and not equal to 0 when m is even. The nonclassical properties of the state, such as sub-Poissonian statistics, quadrature squeezing properties, and photocount distribution are also discussed in details. We find that MCSO-OSCS has more chance to exhibit sub-Poissonian statistics with bigger value of θ in the area of θ ∈ (0, π 2 ). We also find that MCSO-OSCS can exhibit squeezing when the parameter m is odd and the angle θ is smaller, which indicates that the subtracting photon operation is benifit to squeezing for odd m. Furthermore, the nonclassicality of MCSO-OSCS is investigated in terms of WF and the negative part volume of WF after deriving the analytical expression of WF. It is shown that the WF of the MCSO-OSCS always has negative values which implies the highly nonclassical properties of quantum states. The negative part volume of WF increases as m increases when m = 0 and parameter θ is bigger than a threshold, and increases as the value of α 0 increases when parameter θ is smaller than a threshold. Especially, the negative part volume of WF increases with the increment of parameter θ except the case of m = 0.
We also investigate the decoherence of the MCSO-OSCS in terms of the fadeaway of the negativity of WF in a thermal environment. It is shown that nonclassicality of the MCSO-OSCS decreases as time proceeds and the MCSO-OSCS reduces to the thermal state finally. It is also shown that nonclassicality is influenced by the temperature of environment, the higher the temperature is, the more rapidly the nonclassicality of the MCSO-OSCS is lost. We wish that our results will benefit for instructing experiments, for example, the new state would become a sufficient resource to generate a two-mode entanglement via a beam-splitter.
